The aperture of refractive X-ray lenses is limited by absorption and geometry. We introduce a specific simulation method to develop an aperture-optimized lens design for hard X-ray full field microscopy. The aperture-optimized lens, referred to as Taille-lens, allows for high spatial resolution as well as homogeneous image quality. This is achieved by the individual adaptation of the apertures of hundreds of lens elements of an X-ray imaging lens to the respective microscopy setup. For full field microscopy, the simulations result in lenses with both a large entrance and exit aperture and lens elements with smaller apertures in the middle of the lens.
Introduction
Refractive x-ray lenses for x-ray imaging consist of a large number of single lens elements. They have been described first in [1, 2] . Today, they are fabricated from beryllium [3] , aluminum [4] , silicon [5] , diamond [6] , photoresist [7] [8] [9] and other materials. The most common type of x-ray lens, used in many applications [8] [9] [10] [11] , consists of many identical, biconcave, parabolic lens elements.
For special applications the geometry of the lens elements can also be varied, like in case of adiabatic lenses [12] . These lenses are optimized for illuminating a small point by varying apertures and radii along the optical axis. The adaptation of the apertures to the ray path results in a large numerical exit aperture and in a small focal point, which is beneficial in scanning microscopy [10] .
In full field microscopy, lenses have to fulfill the request for a high numerical aperture for all points in the field of view. This is necessary to achieve high and homogeneous resolution and brightness in the entire image. The aperture of x-ray lenses is small compared to their length and often even smaller than the field of view. Thus, calculating the numerical aperture for only one point on the optical axis is not sufficient. Accordingly, we simulated the entrance acceptance angle and the ray path inside a refractive lens for every point of the field of view.
Analysing the ray path inside a lens leads us to adapting the apertures of the lens elements, in such a way that the entrance acceptance angle increases. This leads to an increase in intensity. Additionally the intensity distribution becomes significantly more homogeneous in the field of view. The resulting lens has a bigger entrance and exit aperture whereas lens elements in the middle of the lens have smaller apertures. The overall shape of the resulting lens geometry was the reason for choosing the name Taille-lenses (German for waist). Using this lenses one can achieve better image quality in hard x-ray full field microscopy compared to lenses with constant aperture.
Lenses for full field microscopy
As it is known from visible light full field microscopy, it is essential to illuminate and to image every point of the field of view with equal intensity and equal angular range. Illumination and imaging angles are chosen dependent on the sample and the contrast mechanism. In contrast to visible light optics, the refractive power of x-ray lenses is weak for all lens materials. Many strongly curved surfaces are required to achieve the desired focal length [1] . Hence, a refractive x-ray is lens long compared to its aperture. Additionally, in -ray full field microscopy the aperture of the objective lens is often even smaller than the field of view.
The aperture of x-ray imaging lenses is limited by both, absorption and geometry. The absorption limited aperture, which is also called effective aperture D e f f , is described [13] as
with the focal length f , the decrement of the refractive index δ , and the attenuation coefficient µ. The geometry limited aperture D g can be written as
and is a result of the length L of the lens
with the radius in the apex of the parabola r, the distance between the two parabolic surfaces of one lens element d, the distance between two lens elements a, and the number of lens elements N (see Fig. 1 (a). The number of lens elements N can be calculated [14] from the focal length f As an example, we simulated parabolic imaging lenses, using parameters derived from a lens manufactured by deep x-ray lithography from mr-L negative resist [15] . Such lenses consist of many extruded lens elements in an alternating crossed assembly [9] (s. Fig. 1(b) ). As a result of the current fabrication process at the Institute of Microstructure Technology, the length of the lenses is limited to 60mm, but can also be limited by the available space in the microscope setup. We choose a focal length f of 100mm, which turned out to be suitable for the calcu-lated example of an x-ray microscope for imaging a field of view of 100µm× 100µm with a resolution better than 100nm.
The calculated results of the absorption and geometry limited apertures are shown in Fig. 2 . For lower photon energies absorption is the limiting factor. For higher photon energies the aperture is limited by geometry due to the restriction of the lens length L. Above 30.5 keV the absorption limited aperture decreases again, due to the absorption edge of antimony, which is used as photo initiator in the mr-L negative resist [16] . We choose 30 keV photon energy for our calculations, because at this energy the absorption limited aperture and consequently the potential for improvements due to geometry variations is largest. In addition, lenses fabricated out of mr-L negative resist show a good performance in this energy range [17] . Comparison of absorption and geometry limited aperture of a refractive x-ray lens for different photon energies. For calculation we assume a lens from mr-L negative resist with alternating crossed lens elements, 60 mm lens length, 100 mm focal length and 6 µm radius of the parabola in the apex.
Acceptance angle of x-ray imaging lenses for full field microscopy
The numerical aperture NA is directly linked to the acceptance angle α and can be calculated from the aperture and the focal length. A big numerical aperture NA is essential for a high resolution. Generally, the resolution is described by the smallest distance d min of two objects, which are just resolvable
As a result of the huge length of x-ray lenses in comparison to their aperture, it is not sufficient to characterise an x-ray imaging lens for full field microscopy by only one value for the numerical aperture. The deviation of the acceptance angle for points close to the edge of the field of is not negligible. Thus it is necessary to calculate the acceptance angle for all points in the field of view.
We simulated a lens fabricated from mr-L negative resist for 30 keV consisting of 249 alternating crossed lens elements in total, which means 124 lens elements for horizontal and 125 lens elements for vertical refraction. All lens elements have a 6 µm radius in the apex of the parabola and an aperture of 70 µm. As the vertical direction has one lens element more, the first and the last one have a doubled radius in the apex and consequently half refractive power. So, in total the lens elements for horizontal and vertical refraction have the same refractive power. Due to the unequal number, it is possible to arrange the lens elements for both directions symmetrical around the same centre. Thus, the principal planes for both directions match, which avoids astigmatism and unequal magnification in horizontal and vertical direction, respectively.
The acceptance angle α of this lens for each point in the field of view as a function of the distance to the optical axis is shown in Fig. 3 . Additionally, we added the angles α t of the top most and α b the lowest ray passing the lens for each point. The result of the simulation is nearly equal in horizontal and vertical direction. The acceptance angle decreases significantly from the centre to the edges of the field of view. Consequently, the achievable resolution is 62 nm in the centre and 89 nm at the edges of the field of view. The angles of the top most and the lowest ray for all points are point symmetric as a result of the symmetry of the lens. Besides the size also the direction of the accepted angular range is changing from the centre to the edges of the field of view. This can be seen in the curvatures of the top most and lowest ray and is a result of the small entrance aperture in comparison to the field of view. However, the resolution is affected only marginally by the direction of the acceptance angle, if the illumination is adapted to the acceptance angle of the imaging lens. The main factor influencing the resolution is the size of the accepted angular range, which we optimized in our simulations.
The aperture of the lens is square shaped, due to the crossed assembly of the lens elements. Thus, the horizontal acceptance angle is independent from the vertical position of the individual sample point and the vertical acceptance angle is independent from the horizontal position. However, the results are very similar for rotational symmetric lenses. As the absorption limited aperture of this lens is 100 µm, which is clearly bigger than the real aperture of 70 µm, we neglected the Gaussian transmission profile of the lens for the calculation of the theoretical resolution. The transmission of a ray along the optical axes is 92 %. The intensity of the ray with the lowest transmission in the simulation for Fig. 3 was 37 %.
Photon density distribution in x-ray lenses
For optimizing the acceptance angle of a lens, we verified the contribution of each part of the lens to the image formation by calculating the number of transmitted photons for each volume element of the lens. The simulation was done with MATLAB using geometric ray optics. The resulting photon density distribution for our example of a lens with a constant aperture of 70 µm, a focal length of 100mm at 30keV for imaging a field of view of 100µm × 100µm with a magnification of 15, is plotted in Fig. 4(a) . Our simulations show, that the photon density is non-uniform. Naturally, it is much higher in the parts of the lens close to the optical axis than close to the edges of the apertures. This is a result of the lower absorption in the thinner parts of the lens elements close to the optical axis. However, the gradient of the photon density parallel to the optical axis is more interesting. Especially at the edges of the apertures the non-uniform photon density is conspicuous. The edges of the entrance and exit aperture have a higher photon density than the edges of the lens elements in the middle of the lens. We conclude that the edges of these lens elements are more relevant for imaging, than the edges of the lens elements in the middle of the lens.
Accordingly we iteratively optimized a lens in such a way, that the photon density at the edges of the local apertures became more uniform along the lens. This is achieved by varying the apertures of the individual lens elements. The apertures of lens elements with lower photon density at the edges are reduced. Consequently these lens elements become shorter. Under the constraint of a fixed total length of the lens, the resulting available space is used to enlarge the apertures of lens elements with a higher photon density at the edges. As this is only a slight variation of the apertures, the radius in the apex is kept constant.
The result of our calculations is a lens with an entrance aperture of 71.5 µm, smallest aperture of 66µm in the middle of the lens and an exit aperture of 82µm. The photon density distribution for such a Taille-lens design shown in Fig. 4(b) is more uniform compared to a lens with a constant aperture. Please note that the calculations of the photon density distribution as well as the optimized shape of the lens are only valid for the parameters we choose for our calculations.
An important parameter for calculating the required change of the local lens apertures is the width of the boundary area b of the lens elements (see Fig. 1 ). The best result is achieved with a boundary area as small as possible. However, as the computing time approaches infinity, when the size of the boundary area approaches zero, the resulting shape is always a compromise between computing time and optimal properties of the lens. For the current Taille-lenses, we choose 1 % of the size of the local aperture A as width b for the boundary area. A further decrease shows only marginal improvements, but strongly increases computing time.
For a well-known optical setup, there are quicker ways of calculation, for example due to geometric dependencies. Anyway, with the concept using the photon density distribution it is possible to optimize a system without a priori knowledge. Additionally the concept is valid for all setups. For example, for a point source and a high demagnification the result is identical with an adiabatic lens.
Theoretical characterization of the aperture optimised Taille-lens
Taille-lenses have an increased acceptance angle for all points in the field of view compared to a lens with constant aperture, as it is shown in Fig. 3 . For sample points near the optical axis the gain is small, but becomes significant for points in the outer area of the field of view. We calculated an average increase of the entrance acceptance angle of 5 % and an increase of 12 % at the edges of the field of view. Thus, the resolution is increased from 62 nm to 60 nm in the centre of the field of view and from 89 nm to 78 nm at the edges. The acceptance angle for points in the outer areas of the field of view is not as good as for points in the centre. However our calculations demonstrate a more homogeneous acceptance angle over the entire field of view due to the Taille-lens design. Consequently the resulting image shows a more homogeneous resolution and brightness, which was the main goal of the optimization process.
Until now, our view was only on the acceptance angle, but now we will focus on the direction of the rays, which are accepted by the lens dependent on the point in the field of view. As the field of view is larger than the entrance aperture, the direction of the accepted rays cannot be equal for all points in the field of view. For visualisation, the top most and the lowest ray for several points in the field of view is drawn in Fig. 5 . The envelope over all of these rays describes the shape of the lens as a result of the varying apertures along the optical axis.
For each point in the field of view drawn in Fig. 5 the angle of the top most α t and lowest ray α b is displayed in Fig. 3 . The difference of these two angles is the entrance acceptance angle of the lens for the corresponding point in the field of view. The slope of the curvature of the top most and lowest rays shows the change of the direction of the accepted rays. This change is significant, even if the acceptance angle α stays nearly constant.
Besides increasing the entrance acceptance angle, the Taille-lens design also improves the spectral transmission of the lens. Fig 6 shows the simulated image of a completely homogeneous illuminated sample, taken with a lens with constant aperture and a Taille-lens, respectively. The size of the simulated sample was 100µm× 100µm. Beside a significantly increased homogeneity of the image brightness, the overall number of transmitted photons is increased by 3% for the Taille-lens compared to a lens with constant aperture. The numerical aperture is determined by the aperture of the lens, the focal length and consequently the sample distance is also very important. Fig. 7 shows the simulated acceptance angle for Taille-lenses with focal lengths from 80 mm to 120 mm. All simulated lenses had a length of 60 mm. They were designed for a field of view of 100 µm × 100 µm, and a magnification of 15 at 30 keV. The acceptance angle for points in the centre of the field of view is increasing with decreasing focal length. This dependency was also the reason for developing adiabatic lenses, which are optimised for a small focal spot [12] , due to a very short focal length and consequently a high acceptance angle for points on the optical axis.
Lenses with very short focal distance feature a small geometrical aperture. Using such a lens for full field microscopy results in a small field of view, because the acceptance angle for points distant to the optical axis decreases significantly with decreasing focal length. Thus, for full field microscopy the focal length of the objective lens has to be chosen dependent on the size of the field of view. Evaluating the simulation result shown in Fig. 7 , a focal length of 100 mm turned out to be a good compromise for imaging a field of view of 100 µm × 100 µm. This lens shows a high acceptance angle in the centre of the field of view, which is only slightly decreasing to the edges of the field of view. Anyway, this choice is always a compromise between maximum resolution, size of the field of view and homogeneity of the image. 
Conclusion
Taille-lenses are designed and optimized for imaging a large field of view in hard x-ray full field microscopy. They allow for a larger entrance acceptance angle for all points in the entire field of view, due to their shape with bigger entrance and exit apertures and smaller apertures in the middle of the lens. Especially for points close to the edge of the field of view, the improvement is significant.
As example, we calculated a microscope using lenses fabricated from SU-8 negative photo resist. But in principle the concept can also be applied to silicon lenses or approximated with beryllium lenses. For our example the resolution of an X-ray microscope is improved on average by 5 % and even by 12 % in the border areas of the field of view by using a Taille-lens, as a result of the increased entrance acceptance angle . Thus the resolution and the brightness of the image become more homogeneous over the entire field of view. Additionally the overall number of transmitted photons is increased by 3 %.
The development of Taille-lenses will improve the setup of future x-ray full field microscopes for photon energies above 15 keV. Especially for short assemblies, the resolution, the brightness and the homogeneity of the image gains significantly.
